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On the realization of graph as invariant of
pseudoharmoni funtions
Polulyakh E., Yurhuk I.
Institute of Mathematis of Ukrainian National Aademy of Sienes, Kyiv
Abstrat. Neessary and suient onditions for a nite onneted graph
with a strit partial order on verties to be a ombinatorial invariant of
pseudoharmoni funtion are obtained.
Keywords. a pseudoharmoni funtion, a ombinatorial diagram, a D
planar graph.
1. Introdution
This paper is a nal step of researh of pseudoharmoni funtions [1
4℄ dened on D2 (i.e., two-dimensional losed disk). In [5℄ the invariant
of suh funtions was onstruted. It is a nite onneted graph with
a strit partial order and partial orientation on its verties generated
by a funtion. This invariant has several properties that follow from
the nature of pseudoharmoni funtions. In terms of suh invariant
the neessary and suient ondition for funtions to be topologially
equivalent was obtained.
It says that two pseudoharmoni funtions f and g are topologially
equivalent i there exists an isomorphism of ombinatorial diagrams
ϕ : P (f) → P (g) whih preserves a strit partial order dened on
them and the orientation (Th.3.1 [5℄).
In this paper, for simpliity, we will disregard the orientation and
onsider the ombinatorial diagram without orientation.
We will researh the onditions for a nite onneted graph G with
a strit partial order on its verties to be a ombinatorial invariant of
some pseudoharmoni funtion.
In Setion 2 the main theorem of the realization will be formulated.
Let us omment Conditions A1-A3 that are neessary for Theorem 2.2.
Cr  yle orresponds on a ombinatorial diagram of a funtion f to
the restrition of f onto the boundary of D2. In [1℄ author proved that
the onneted omponents of level urves of pseudoharmoni funtion
are isomorphi to a disjoin union of trees, so, Condition A2 is an analog
of this statement. Finally, Condition A3 makes some verties of Cr 
yle to be loal extrema of funtion.
Let us remind some denitions from graph theory and previous re-
sults onneted to these subjets.
Let T be a tree (i.e., a CW−omplex suh that it does not ontain
yles). Denote by V the set of its verties and by Vter(T ) the subset
of V onsisting of all terminal verties. A disjoint union of trees is
alled a forest and denoted by F =
⋃
i
Ti, where every Ti is a tree. By a
1
2Figure 1. On the left the graph an be realizated as
diagram but on the right an not.
path P (vi, vk) whih onnets verties vi and vk of a graph G we mean
a sequene of adjaent edges ej suh that eah of them belongs to it
one. It is known that for any two verties of a tree there is a unique
path onneting them. Two verties of a graph are adjaent if they are
the ends of the same edge. A graph G is embedded into R2 if there
exists a bijetion φ : G → R2 suh that two points φ(x) and φ(y) are
joined by a segment i x and y are joined by an edge of G and no two
distint open segments have a point in ommon.
Let us remind neessary denitions and fats from [6℄. Let V ∗ be a
subset of V suh that Vter ⊆ V
∗.
Let also ϕ : T → R2 be an embedding suh that
(1) ϕ(T ) ⊆ D2 , ϕ(T ) ∩ ∂D2 = ϕ(V ∗) .
Lemma 1.1 (see [6℄). A set R
2 \ (ϕ(T ) ∪ ∂D2) has a nite number of
onneted omponents
U0 = R
2 \D2, U1, . . . , Um ,
and for every i ∈ {1, . . . , m} a set Ui is an open disk and is bounded
by a simple losed urve
∂Ui = Li ∪ ϕ(P (vi, v
′
i)) , Li ∩ ϕ(P (vi, v
′
i)) = {ϕ(vi), ϕ(v
′
i)}
where Li is an ar of ∂D
2
suh that the verties ϕ(vi) and ϕ(v
′
i) are its
endpoints, and ϕ(P (vi, v
′
i)) is an image of the unique path P (vi, v
′
i) in
T whih onnets vi and v
′
i.
Corollary 1.1. Let T be a tree with a xed subset of verties V ∗ ⊇ Vter
and ϕ : T → R2 an embedding whih satises (1).
Then the following onditions hold true.
1) In notation of Lemma 1.1
Li ∩ ϕ(T ) = {ϕ(vi), ϕ(v
′
i)} , i = 1, . . . , m .
2) If there exists an ar L of irle ∂D2 with the ends ϕ(u1), ϕ(u2)
suh that L ∩ ϕ(T ) = {ϕ(u1), ϕ(u2)} for some u1, u2 ∈ V
∗
, then there
exists k ∈ {1, . . . , m} suh that L ∪ ϕ(P (u1, u2)) = ∂Uk (then L = Lk,
u1 = vk, u2 = v
′
k).
3We also should remind that a ternary relation O on a set A is any
subset of the 3rd artesian power A3 : O ⊆ A3.
Let A be a set, O be a ternary relation on A whih is asymmetri
((x, y, z) ∈ O ⇒ (z, y, x)∈O), transitive (x, y, z) ∈ O, (x, z, u) ∈ O ⇒
(x, y, u) ∈ O and yli (x, y, z) ∈ O ⇒ (y, z, x) ∈ O. Then O is alled
a yli order on the set A [7℄.
A yli order O is omplete on a nite set A, ♯A ≥ 3, if for every
x, y, z ∈ A, x 6= y 6= z 6= x there exists a permutation u, v, w of sequene
(x, y, z) suh that (u, v, w) ∈ O.
Proposition 1.1 (see [6℄). Let there is a omplete yli order O on
some nite set A, ♯A ≥ 3.
Then for every a ∈ A there exist unique a′, a′′ ∈ A suh that
• O(a′, a, b) for all b ∈ A \ {a, a′};
• O(a, a′′, b) for all b ∈ A \ {a, a′′},
and a′ 6= a′′.
Denition 1.1 (see [6℄). Let there is a omplete yli order O on a
set A, ♯A ≥ 3. Elements a1, a2 ∈ A are said to be adjaent with respet
to a yli order O if one of the following onditions holds:
• O(a1, a2, b) for all b ∈ A \ {a1, a2};
• O(a2, a1, b) for all b ∈ A \ {a1, a2}.
Remark 1.1. From the previous Proposition it follows that every ele-
ment has exatly two adjaent elements on a nite set A with a omplete
yli order.
We assume that if ♯V ∗ ≥ 3 then there is some yli order C dened
on V ∗.
Denition 1.2 (see [6℄). A tree T is alled D-planar if there exists an
embedding ϕ : T → R2 whih satises (1) and if ♯V ∗ ≥ 3 then a yli
order ϕ(C) on ϕ(V ∗) oinides with a yli order whih is generated
by the orientation of ∂D2 ∼= S1.
The following theorem is the riterion of D-planarity of a tree.
Theorem 1.1 (see [6℄). If V ∗ ontains just two verties, a tree T is
D-planar.
If ♯V ∗ ≥ 3 then a D-planarity of T is equivalent to satisfying the
following ondition:
• for any edge e there are exatly two paths suh that they pass
through an edge e and onnet two verties of V ∗ adjaent with
respet to a yli order C.
Let us remind that a relation < is alled to be strit partial order if
it is transitive, antireexive and antisymmetri [8℄.
Denition 1.3 (see [6℄). Let A be a nite set. A binary relation ρ on
A is said to be onvenient if
41) for all a, b ∈ A from aρb it follows that a 6= b;
2) for every a ∈ A there is no more than one a′ ∈ A suh that
aρa′;
3) for every a ∈ A there is no more than one a′′ ∈ A suh that
a′′ρa.
Let µ be some relation on a set A.
Denition 1.4 (see [6℄). Elements b0, . . . , bn ∈ A, n ≥ 1 are said to
generate µ-yle if a graph of the relation µ ontains a set
(2) {(b0, b1), . . . , (bn−1, bn), (bn, b0)} .
Denition 1.5 (see [6℄). Elements b0, . . . , bn ∈ A, n ≥ 0 generate µ-
hain if for arbitrary a ∈ A the pairs (a, b0) and (bn, a) do not belong
to a graph of µ and for n ≥ 1 a graph of the relation µ ontains a set
(3) {(b0, b1), . . . , (bn−1, bn)} .
2. Conditions for the realization. Main theorem.
Let G ⊂ R3 be a nite onneted graph with a strit partial order
on verties. We assume that every vertex of G has a degree not less
than 2.
A set V × V is divided onto two lasses C1 and C2. Verties v1 and
v2 are ontained in C1 if they are omparable (i.e. either v1 < v2 or
v2 < v1 holds true) and C2 otherwise.
Denition 2.1. Cr  yle of G is a subgraph γ whih is a simple yle
suh that every pair of adjaent verties of γ belongs to C1.
In what follows we will onsider the following onditions on a graph
G ⊂ R3:
A1) there exists the unique Cr  yle γ;
A2) G \ γ = F =
k⋃
i=1
Ti, where F is a forest suh that
• if vk < v (vk > v) for some vertex vk ∈ Ti ⊂ F , where
v ∈ G, then vl < v (vl > v) for an arbitrary vl ∈ Ti ⊂ F ,
l 6= k;
• deg(v) = 2s ≥ 4 for an arbitrary vertex v ∈ G \ γ;
A3) The ondition for a strit order on Cr  yle γ: for any vertex
v of the subgraph γ and its adjaent verties v1 and v2 suh
that v1, v2 ∈ γ the following onditions hold true:
• if deg(v) = 2, then deg(v1) > 2, deg(v2) > 2 and there
exists the unique index i suh that v1, v2 ∈ Ti;
• if deg(v) = 2s > 2 (deg(v) = 2s + 1), then v1 ≶ v ≷ v2
(v1 ≶ v ≶ v2).
A4) The ondition for a strit order on G: if v′, v′′ ∈ C2, then from
v > v′ it follows that v > v′′.
5We remark that from A2 it follows that all verties of any onneted
omponent Ti are pairwise non omparable.
If A2 holds true, then, obviously, there exists a nonempty subset of
verties V ∗ of F whih ontains a set Vter of all terminal verties of F
suh that V ∗ = V (F ) ∩ γ. It is lear that the subset of verties V ∗ of
F is divided onto the subsets V ∗k suh that Vter(Tk) ⊂ V
∗
k ⊂ Tk ⊂ F
and V ∗ =
⋃
i
V ∗i .
Denition 2.2. A nite graph G ⊂ R3 is alled D− planar if there ex-
ists a subgraph γ and an embedding ϕ : G→ D2 suh that the following
onditions hold true:
• γ is a simple yle;
• G \ γ =
⋃k
i=1 Ti = F is a nite union of trees;
• γ ontains all terminal verties of F ;
• ϕ(γ) = ∂D2, ϕ(G \ γ) ⊆ IntD2.
Theorem 2.1. Let G is a graph, γ ⊆ G is a yle suh that G \ γ =⊔
i Ti, where every Ti is a tree.
Then G is D  planar if and only if every tree Ti with the subset of
verties V ∗i whih has a yli order indued from γ is D-planar and for
any indexes m and n the subset of verties V ∗n of the tree Tn belongs to
a unique onneted omponent of a set γ \ V ∗m, where m 6= n, V
∗
j ⊂ Tj,
j = m,n.
Proof. Neessity. Suppose that a graph G is D  planar. It is lear
that every tree Ti is D-planar. Let us assume that there exist some
indexes s and l suh that the subset of verties V ∗s of the tree Ts belongs
to two onneted omponents S ′ and S ′′ of the set γ\V ∗l , where V
∗
l ⊂ Tl.
Let us assume that the subset V ∗s1 of V
∗
s belongs to S
′
and V ∗s2 belongs
to S ′′. Let us onsider the following paths: P1 whih onnets the ends
of ar S ′ (S ′′) (by onstrution they belong to V ∗l ) in G and P2 whih
onnets arbitrary two verties of V ∗s of the tree Ts suh that one of
them belongs to S ′, another belongs to S ′′. By our initial assumption
there exists an embedding ϕ of paths ϕ(P1) and ϕ(P2). They an be
onsidered as two hordes whih are ontained into IntD2 with the ends
on ∂D2. They have a ommon point whih is not a vertex of F (Tk
and Tl are disonneted) sine one pair of the ends parts another. It
ontradits to the fat that ϕ is an embedding.
Suieny will be proved by an indution on the number n of trees
in the forest F = G \ γ =
⊔n
i=1 Ti.
Let us regard G as a ell omplex. Then the yle γ onsidered as a
subspae of the topologial spae G is homeomorphi to a irle. Fix
an orientation on γ. It indues a yli order on it. Now we indue
from γ a yli order on eah V ∗i with ♯V
∗
i > 2, i = 1, . . . , n.
We should remark that the following is straightforward: if for a xed
orientaition of γ a tree Ti with the yli order on V
∗
i indued from γ is
6D-planar, then for an inverse orientation of γ a tree Ti with the yli
order on V ∗i indued from that orientation of γ is also D-planar. So the
hoie of an orientation of γ does not aet the ongoing onsiderations.
Suppose that every tree Tk is D-planar and for arbitrary indexes r
and s the subset V ∗s of verties of Ts belongs to the unique onneted
omponent of the set γ \ V ∗r , where r 6= s, V
∗
j = Tj ∩ γ, j = r, s.
Basis of indution. Let F = T1.
First let V ∗1 = {v1, v2} for some v1, v2 ∈ V (T1). Sine T1 is D-planar,
then there is an embedding ϕ1 : T1 → D
2
suh that ϕ(T1) ∩ ∂D
2 =
ϕ(V ∗1 ) = {ϕ(v1), ϕ(v2)}. Obviously, the yle γ onsists of two edges
with ommon endpoints v1 and v2. Fix some embedding ϕ
′ : γ → ∂D2
suh that ϕ1(vi) = ϕ
′(vi), i = 1, 2. Now it is straightforward to see
that the mapping ϕ : G→ D2,
(4) ϕ(τ) =
{
ϕ1(τ), if τ is in T1,
ϕ′(τ), when τ is in γ,
is well dened and omplies with Denition 2.2.
Now let ♯V ∗1 > 2. At rst we dene a bijetive and ontinuous map
ϕ′ : γ → ∂D2 suh that the yli order indued on ϕ′(γ) by ϕ′ oinides
with the yli order indued by the positive orientation of ∂D2. It is
obvious that it is an embedding and ϕ′(γ) = ∂D2.
Let us onsider the tree T1. From its D-planarity it follows that
there exists an embedding ϕ1 : T1 → D
2
suh that ϕ1(T1) ⊂ D
2
,
ϕ1(V
∗
1 ) ⊂ ∂D
2
, ϕ1(T1 \ V
∗
1 ) ⊂ IntD
2
, where Vter(T1) ⊆ V
∗
1 ⊂ V . We
an hoose ϕ1 in suh way that ϕ1|V ∗1 = ϕ
′|V ∗1 sine a yli order on
verties of V ∗1 is onsistent with the yli order on ∂D
2 = ϕ′(γ) whih
is in turn indued by ϕ′ from the ylial order on γ.
Then it is easy to see that the mapping ϕ : G→ D2 given by (4) is
well dened and satises all requirements of Denition 2.2.
Step of indution. Let G = γ ∪ F , F = G \ γ =
⊔n
j=1 Tj , n > 1.
Suppose that for any graph G′ with a yle γ′ suh that F ′ = G′ \ γ′ =⊔k
i=1 T
′
i is a forest and k < n our Theorem holds true.
First we are going to prove that there is a tree Ts in F suh that
the set
⋃
j 6=s V
∗
j is ontained in a single onneted omponent of the set
γ \ V ∗s .
For every i = 1, . . . , n we shall denote by ν(Ti) the maximal ardi-
nality of subsets Mi ⊆ {1, . . . , n} whih satisfy the following property:
a set
⋃
j∈Mi
V ∗j is ontained in a single onneted omponent of the set
γ \ V ∗i .
As n > 1 then 1 ≤ ν(Ti) ≤ n− 1, i = 1, . . . , n. And ν(Ti) = n− 1 i
a set
⋃
j 6=i V
∗
j is ontained in a single onneted omponent of the set
γ \ V ∗i .
Let ν(Ti) < n−1 for a ertain i. Let us designate by γ
i
1, . . . , γ
i
m(i) all
omponents of the omplement γ \ V ∗i . Then there exist at least two
7dierent indexes r′ and r′′ for whih relations γir′ ∩
⋃
j 6=i V
∗
j 6= ∅ and
γir′′ ∩
⋃
j 6=i V
∗
j 6= ∅ hold true.
We an selet r′ in suh way that γir′ ∩
⋃n
j=1 V
∗
j = γ
i
r′ ∩
⋃
j∈Mi
V ∗j
for a subset Mi of {1, . . . , n} \ {i} with ardinality ♯Mi = ν(Ti). Fix
i′ /∈ Mi ∪ {i} and let r
′′
be an index suh that V ∗i′ ⊂ γ
i
r′′. It is lear
that r′ 6= r′′. Sine both V ∗i and
⋃
j∈Mi
V ∗j are ontained in a onneted
subset γ \γir′′ of the yle γ and (γ \γ
i
r′′)∩V
∗
i′ ⊂ (γ \γ
i
r′′)∩γ
i
r′′ = ∅ then
the set V ∗i ∪
⋃
j∈Mi
V ∗j lies in a single omponent of the omplement
γ \ V ∗i′ and onsequently ν(Ti′) ≥ ν(Ti) + 1.
So, in a nite number of steps we shall nd an index s suh that
ν(Ts) ≥ n−1, therefore a set
⋃
j 6=s V
∗
j is ontained in a single onneted
omponent of the set γ \ V ∗s .
Without loss of generality we an regard that ν(Tn) = n − 1. Re-
peating the argument we used to verify the base of indution we an
nd an embedding ϕn : γ ∪Tn → D
2
whih maps γ onto ∂D2 and suh
that an orientation on ϕn(γ) = ∂D
2
indued by ϕn oinides with the
positive orientation on this set indued from D2.
Lemma 1.1 implies that D2 \ ϕn(Tn) =
⋃
s Us, where Us
∼= D2 and
∂U s ⊂ ∂D
2 ∪ϕn(Tn) for any s. By the hoie of Tn the subset
⋃
i 6=n V
∗
i
of verties of a forest F ′ =
⋃n−1
i=1 Ti belongs to a single onneted om-
ponent γ0 of the set γ \V
∗
n . From this and from Corollary 1.1 it follows
that there exists an index m suh that a domain Um satises the inlu-
sions ϕn(γ0) ⊂ (Um∩∂D
2), ∂Um\ϕn(γ0) = ϕn(P ), where P = P (v
′, v′′)
is a path in Tn whih onnets a pair of verties v
′
, v′′ ∈ V ∗n .
Let us onsider a yle γ′ = γ0 ∪P in G. It is lear that it is simple.
Denote
G′ = γ′ ∪ F ′ = γ′ ∪
n−1⋃
i=1
Ti .
Sine F ′ ∩ γ =
⋃n−1
i=1 V
∗
i ⊂ γ0 by onstrution, then F
′ ∩ γ′ ⊂ γ0 and
F ′ = G′ \ γ′.
The following laim is straightforward. Suppose we have two oriented
irles S1 and S2 and two ars γ1 ⊂ S1 and γ2 ⊂ S2 suh that orientaion
of eah ar is oordinated with an orientation of the orresponding ir-
le. Let Φ : γ1 → γ2 be an orientation preserving homeomorphism. Let
also Ok, k = 1, 2, be a full yli order on Sk indued by the orientation
of Sk. Then O2|γ2 = Φ(O1|γ1).
Let us indue an orientation on γ0 from γ and hoose an orientation
on γ′ whih is oordinated with the seleted orientation of γ0. Let
Φ = Id : γ0 → γ0. Then by the laim above yli orders on γ0 indued
from γ and from γ′ should oinide.
Every tree Ti, i ∈ {1, . . . , n−1}, with the subset of verties V
∗
i whih
has a yli order indued from the positive orientation of γ isD-planar
by our initial assumption. As V ∗i ⊂ γ0, then aording to what was
8said above every Ti is D-planar with respet to a yli order indued
on V ∗i from positive orientation of γ
′
.
It is easy to see that sine the set
⋃n−1
i=1 V
∗
i is ontained in the on-
neted set γ0 ⊆ γ ∩ γ
′
and by our initial assumption for any indexes
j, k ∈ {1, . . . , n− 1} the subset of verties V ∗j of the tree Tj belongs to
a unique onneted omponent of a set γ \V ∗k , where j 6= k, then every
set V ∗j is ontianed in a single onneted omponent of a set γ
′ \ V ∗k ,
j 6= k, j, k ∈ {1, . . . , n− 1}.
As a onsequene from said graph G′ = γ′ ∪
⋃n−1
i=1 Ti is D-planar by
the indutive hypothesis. So, there exists an embedding ϕ′ : G′ → D2
whih is ompliant with Denition 2.2.
Then ϕ′(γ′) = ∂D2. Let us remind that by onstrution we have
ϕn(γ
′) = ∂Um. Evidently, a map ψ0 = ϕn ◦ (ϕ
′)−1 : ∂D2 → ∂Um is
homeomorphism. Let us remind (see [9℄) that every homeomorphism of
simple losed urves in the plane an be extended to a homeomorphism
of disks bounded by these urves. So, there exists a homeomorphism
ψ : D2 → Um suh that ψ|∂D2 = ψ0.
Let us onsider a map ϕ : G→ D2 dened by the relation
ϕ(τ) =
{
ϕn(τ) , when τ ∈ γ ∪ Tn ,
ψ ◦ ϕ′(τ) , if τ ∈ Ti, i ∈ {1, . . . , n− 1} .
Sine (γ ∪ Tn) ∩ (
⋃n−1
i=1 Ti) ⊆ γ
′
by onstrution and ψ ◦ ϕ′(τ) = ψ0 ◦
ϕ′(τ) = ϕn(τ) for every τ ∈ ϕ
′(γ′) = ∂D2, then ϕ is well dened.
The sets γ ∪ Tn and
⋃n−1
i=1 Ti are losed, so ϕ is ontinuous. And it is
straightforward to see that this map is injetive. Therefore ϕ is the
embedding of ompat G into D2.
By our initial assumptions every tree Tk, k = 1, . . . , n, is D-planar
with respet to the yli order on the set V ∗k = Tk ∩ γ indued from
γ. Then Vter(Tk) ⊆ V
∗
k ⊂ γ, hene γ ontains all terminal verties of
the forest F .
Finally, observe that ϕ(γ) = ϕn(γ) = ∂D
2
.
So, graph G satises all onditions of Denition 2.2 and by indu-
tion priniple onditions on G to be D-planar stated in Theorem are
suient for G with any number of trees in a forest F = G \ γ. 
Remark 2.1. If G satises A1 and A2, then Theorem 2.1 holds true
for it.
Assume that G satises A1 and A2. Let us onsider arbitrary two
verties v1, v2 of the set V
∗
i of the subgraph Ti of G. The set γ \(v1∪v2)
onsists of disjoint union of two onneted sets γ1 and γ2.
Denition 2.3. Pair of verties v1, v2 ∈ V
∗
i is alled boundary if either
γ1 or γ2 does not ontain any vertex of V
∗
i and at least one vertex of
V ∗ \ V ∗i belongs to it.
9Denote by ω(v1, v2) the boundary pair, designate by α the set γk
whih does not ontain any vertex of V ∗i and at least one vertex of
V ∗\V ∗i belongs to it. It is lear that for every vertex vj of the boundary
pair ω(v1, v2) there exists an adjaent vertex v˜j suh that v˜j ∈ α, where
j = 1, 2.
Denition 2.4. A graph G is alled speial if the following onditions
hold true:
S1) G satises A1 and A2;
S2) G is D  planar;
S3) for arbitrary boundary pair ω(v1, v2) ∈ V
∗
i the pair of adjaent
verties v˜1, v˜2 belongs to the unique set V
∗
k , where V
∗
k ⊂ V
∗\V ∗i ,
v˜1, v˜2 ∈ α.
Remark 2.2. If v1, v2 is a boundary pair, then the pair v˜1, v˜2 is the
boundary pair of a tree Tk ⊃ V
∗
k for a speial graph.
Lemma 2.1. If a graph G is speial, then the set Θ = D2 \ ϕ(G)
onsists of disjoint union of the domains Ui suh that ∂U i ontains
either one or two nondegenerate ars of the boundary ∂D2, where ϕ :
G→ D2 is an embedding suh that ϕ(γ) = ∂D2, ϕ(G \ γ) ⊂ IntD2.
Proof. Let ϕ : Γ → D2 be an embedding of the speial graph G suh
that ϕ(γ) = ∂D2, ϕ(G \ γ) ⊂ IntD2. Condition A2 holds true hene
there does not exist a domain Ui suh that its boundary ∂U i does not
ontain an ar of ∂D2. The set of verties
⋃
k
{ϕ(V ∗k )} divides ∂D
2
onto
the ars Aj . Let ϕ(vi) and ϕ(vi+1) be the end points of Ai. Let us
onsider two ases:
Case 1: vi, vi+1 ∈ Tk. From Corollary 1.1 it follows that ∂U i ontains
one ar ∂D2.
Case 2: vi ∈ Tn, vi+1 ∈ Tm. By moving along ∂D
2 \ Ai from ϕ(vi+1)
(ϕ(vi)) in the diretion of ϕ(vi) (ϕ(vi+1)) we nd the rst vertex ϕ(vj)
suh that vj ∈ V
∗
n ⊂ Tn (vj ∈ V
∗
m ⊂ Tm). It is lear that there ex-
ists the unique path P (vi, vj) (P (vi+1, vj)) suh that P (vi, vj) ∈ Tn
(P (vi+1, vj) ∈ Tm). Condition S2 holds true hene the pair vi, vj
(vi+1, vj) is boundary and by S3 for vj there exists a vertex vj−1 (vj+1)
adjaent to vj suh that vj−1 ∈ Tm (vj+1 ∈ Tn). Thus the domain U i
suh that ϕ(vi), ϕ(vi+1), ϕ(vj), ϕ(vj−1) ∈ ∂U i (ϕ(vi), ϕ(vi+1), ϕ(vj), ϕ(vj+1) ∈
∂U i) ontains two boundary ars of ∂D
2
. 
Denition 2.5. A speial graph G ⊂ R3 is alled ∆  graph if it
satises A3.
Lemma 2.2. If vˆ = min{V }, vˇ = max{V } are verties of ∆  graph
G, then vˆ, vˇ ∈ γ and deg(vˆ) = deg(vˇ) = 2.
Proof. We prove lemma for the ase of minimal value vˆ = min{V }.
Without loss of generality, suppose that vˆ ∈ Tj, where Tj is a tree.
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From A2 it follows that there exists some vertex v′ ∈ γ
⋂
Vter(Tj) ( v
′
is terminal of Tj). Condition A3 holds true hene for v
′
there exists
an adjaent vertex v1 suh that v1 < v
′
. It ontradits to A2 sine
vˆ = minV . It follows that vˆ belongs to a set γ \
⋃
Ti whih ontains
only the verties of degree 2.
The ase vˇ = max{V } is proved similarly. 
Let us remind some denitions [10℄.
A over Γ of a spae X is alled fundamental if arbitrary set suh
that its intersetion with any set B ∈ Γ is open in B is also open in X .
All nite and loally nite losed overs are fundamental.
Let Γ be a fundamental over ofX and for any set A ∈ Γ a ontinuous
map fA : A → Y is dened suh that if x ∈ A ∩ B(A,B ∈ Γ) then
fA(x) = fB(x). It is known that a map f : X → Y dened as f(x) =
fA(x), where x ∈ A, A ∈ Γ, is ontinuous.
Let A be a nite set. It is obvious that a funtion g : A→ R indues
a partial ordering relation on the set A by orrelation
a′ < a′′ if g(a′) < g(a′′) , a′, a′′ ∈ A .
Suppose that there are two partial orders < and <′ on A. We will
say that a partial order <′ extends an order < if the idential map
Id : (A,<)→ (A,<′) is monotone.
Lemma 2.3. Let us onsider ∆-graph G as CW−omplex. There ex-
ists a ontinuous funtion g : G→ R on the topologial spae G whih
satises the following onditions:
• g maps a partially ordered set V (G) of verties of G into R
monotonially;
• loal extrema of the restrition g|
γ
are exatly verties of G with
even degree whih belong to the yle γ;
• any tree Ti, i = 1, . . . , k of F = G \ γ is ontained in some level
set of the funtion g.
Then a partial order <′ indued by g on the set V (G) of verties of
G is an extension of a partial order < on V (G).
Proof. Let us onsider a partition f of the set V (G) elements of whih
are verties with degree 2 (they belong to γ \F by A2) and sets V (Ti),
i = 1, . . . , k of verties of trees of F .
From Condition A2 easily follows that relation of partial order on
the set V (G) indues a partial order on the quotient set Vˆ = V (G)/f.
Let us denote a projetion map by π : V (G) → Vˆ . It is monotone by
the onstrution.
It is evident that there exists a monotone map gˆ : Vˆ → R. A
omposition g = gˆ◦π : V (G)→ R is a monotone map as a omposition
of monotone maps. From the onstrution it follows that any set V (Ti),
i = 1, . . . , k belongs to some level set of a funtion g.
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For any edge e ∈ E(G) we x a homeomorphism gˆe : e→ [0, 1]. It ev-
idently maps the endpoints of e on the set {0, 1}, therefore gˆ−1e ({0, 1}) ⊆
V (G), g ◦ gˆ−1e (0) and g ◦ gˆ
−1
e (1) are dened.
For every t ∈ E(G) we onsider a monotone funtion
he : [0, 1]→ [min(g ◦ gˆ
−1
e (0), g ◦ gˆ
−1
e (1)),max(g ◦ gˆ
−1
e (0), g ◦ gˆ
−1
e (1))] ,
he : t 7→ (1− t)g(gˆ
−1
e (0)) + tg(gˆ
−1
e (1)) ,
and also a map
ge = he◦gˆe : e→ [min(g◦gˆ
−1
e (0), g◦gˆ
−1
e (1)),max(g◦gˆ
−1
e (0), g◦gˆ
−1
e (1))] .
It is obvious that for any two edges e1, e2 ∈ E(G) whih have a
ommon endpoint v ∈ V (G) it holds true that ge1(v) = ge2(v) = g(v).
This allows us to extend a funtion g on the edges of G with the help
of the following orrelation
g(x) = ge(x) , for x ∈ e .
The set of all edges of G generates losed overing of a topologial
spae G. Graph is nite therefore suh overing is fundamental and
g : G→ R is ontinuous, see above.
It is also obvious that if g(v′) = g(v′′) for endpoints v′, v′′ of some
edge e, then ge(e) = g(v
′) = g(v′′). Otherwise, a map ge is a home-
omorphism. By the onstrution we get that g(v′) = g(v′′), where v′,
v′′ ∈ V (Ti) and Ti ∈ F . Therefore g(Ti) = ci ∈ R, i = 1, . . . , k, and
any tree Ti belongs to some level set of g.
Next to the last ondition of Lemma easily follows from A3. 
Theorem 2.2. If a graph G is a ombinatorial diagram of some pseu-
doharmoni funtion f , then G is ∆  graph.
If a graph G is ∆  graph, then a partial order on V (G) an be ex-
tended so that the graph G with a new partial order on the set of verties
will be isomorphi to a ombinatorial diagram of some pseudoharmoni
funtion f .
Proof. In order to prove the rst part we should show that for a diagram
P (f) of pseudoharmoni funtion f Condition S3 holds true. Suppose
that for some boundary pair ω(v1, v2) ∈ q(f)∩Ti (the existene of whih
follows from C1−C3, see [5℄) the adjaent pair of verties v˜1, v˜2 ∈ q(f)
belongs to dierent sets Tk and Tl, where i 6= k,i 6= l, l 6= k and
v˜1 ∈ Tk, v˜2 ∈ Tl. Then for a vertex v˜1 (v˜2) there exists ˜˜v1 (˜˜v2) suh
that
˜˜v1 ∈ q(f) ∩ Tk (˜˜v2 ∈ q(f) ∩ Tl) and the pair v˜1, ˜˜v1 (v˜2, ˜˜v2) is
boundary for the tree Tk (Tl). It means that a domain Ui suh that
∂Ui ∋ ϕ(v1), ϕ(v2), ϕ(v˜2), ϕ(v˜1), ϕ(˜˜v1), ϕ(˜˜v2) ontains more than two
boundary ars but it ontradits to Lemma 2.1.
Let us prove the seond part of theorem. Suppose that a graph G
is ∆  graph. Then there exists an embedding ϕ : G → D2 suh that
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ϕ(γ) = ∂D2, ϕ(G \ γ) ⊂ IntD2. From Lemma 2.1 it follows that the
set Θ = D2 \ ϕ(G) onsists of disjoint union of domains Ui suh that
∂U i ontains either one or two ars of boundary ∂D
2
.
Next we x a ontinuous funtion g : G → R that satises the
onditions of Lemma 2.3 and onsider a ontinuous funtion f = g ◦
ϕ−1 : ϕ(G)→ R on the set ϕ(G).
Our aim is to extend f on all Ui in order to obtain a ontinuous
funtion on D2 whih an be loally represented as a projetion on
oordinate axis in a neighborhood of every point of Θ.
Let us onsider two types of domains.
Case 1: Let Uk ⊂ Θ be a domain suh that ∂U k ontains only one
boundary ar α ⊂ ∂D2 and ∂Uk \ α = β, where β ⊂ ϕ(F ).
It is lear that the set β is onneted therefore there exists the tree
Ti ⊆ F suh that β ⊆ ϕ(Ti). From Lemma 2.3 it follows that f |
β
=
g|Ti
= const. Let f(β) = ci ∈ R.
Let us onsider the ar α and the preimage ϕ−1(α) ⊆ γ and denote
by y′ and y′′ the endpoints of an ar α. Then v′ = ϕ−1(y′) and v′′ =
ϕ−1(y′′) belong to the set V (Ti)∩V (γ). The verties v
′
and v′′ an not
be adjaent verties of the yle γ sine they belong the same tree Ti
of F . Therefore v′ and v′′ are non omparable, see Denition 2.1 and
Condition A2. Thus the set ϕ−1(α) ontains at least one vertex of the
graph G exept v′ and v′′. It is obvious that the ar α an not ontain
images of verties of F besides its endpoints y′ and y′′. Therefore from
A3 it follows that the ar α \ {y′, y′′} ontains an image of exatly one
vertex y = ϕ(v) of degree 2. From Lemma 2.3 it follows that f has a
loal extremum in the point y and the ar α \ {y′, y′′} does not ontain
another loal extrema of f . Suppose that f(y) = c. Points v and v′
are omparable sine c 6= ci.
Denote by α′ and α′′ subars of the ar α. Suppose that the rst of
them onnets points y′ and y and the seond onnets y and y′′. From
the above disussion it follows that f is monotone on both ar α′ and
α′′. Thus maps ψ′ : α′ → [0, 1], ψ′′ : α′′ → [0, 1],
ψ′(z) =
f(z)− f(y)
f(y′)− f(y)
=
f(z)− c
ci − c
,
ψ′′(z) =
f(z)− f(y)
f(y′′)− f(y)
=
f(z)− c
ci − c
,
are homeomorphisms, in addition, ψ′(y) = ψ′′(y) = 0, ψ′(y′) = ψ′′(y′′) =
1.
Let us onsider a set Pˆ = {(x, y) ∈ [0, 1]2 | y ≥ x} and a map
Lk : Pˆ → R,
Lk : (x, y) 7→ c(1− y) + ciy .
It is obvious that Lk(0, 0) = c = f(y), Lk([0, 1]× {1}) = ci.
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Figure 2. Funtion on a simple onneted domain with
one boundary ar.
The ar β is obviously homeomorphi to segment. Let ψ : β → [0, 1]
be a homeomorphism suh that ψ(y′) = 0, ψ(y′′) = 1. We onsider a
map ζ0k : ∂Uk → ∂Pˆ ,
ζ0k(z) =
 (0, ψ
′(z)) , for z ∈ α′ ,
(ψ′′(z), ψ′′(z)) , for z ∈ α′′ ,
(ψ(z), 1) , for z ∈ β .
It is easy to show that ζ0k is homeomorphism. Both the sets ∂Uk and
∂Pˆ are simple losed urves thus we an use Shoenies's theorem [9℄
and extend the homeomorphism ζ0k to ζk : Uk → Pˆ .
Let us onsider a ontinuous funtion, see Fig. 2
fUk = Lk ◦ ζk : Uk → R .
It is obvious that this funtion loally an be represented as a projetion
on oordinate axis in all points of Uk \ {y, y
′, y′′} .
let us prove that fUk
∣∣∣
∂Uk
= f |
∂Uk
. Really, for any z ∈ β we have
fUk(z) = Lk ◦ ζk(z) = Lk(ψ(z), 1) = ci = f(z) ;
for z ∈ α′ the following relations hold true
fUk(z) = Lk(0, ψ
′(z)) = c(1− ψ′(z)) + ciψ
′(z) =
=
ci − f(z)
ci − c
· c+
f(z)− c
ci − c
· ci = f(z) ;
similarly, for z ∈ α′ we have
fUk(z) = Lk(ψ
′′(z), ψ′′(z)) = c(1− ψ′′(z)) + ciψ
′′(z) = f(z) .
Case 2: Let Uk ⊂ Θ be a domain suh that ∂U k ontains two bound-
ary ars α1, α2 ⊂ ∂D
2
and ∂Uk \ (α1∪α2) = β1∪β2, where βi ⊂ ϕ(F ),
i = 1, 2.
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The set Uk \ (β1 ∪ β2) divides a disk D
2
hene ars β1 and β2 do not
belong to the image of the same tree of F . Suppose that β1 ⊆ ϕ(Ti),
β2 ⊆ ϕ(Tj), i 6= j.
It is obvious that any ar α1, α2 does not ontain other images of
verties of F besides its endpoints. By using A3 we an onlude that
the only images of verties of G that are ontained in α1 and α2 are
their endpoints. Let us denote by yrs, r, s ∈ {1, 2}, a ommon endpoint
of αr and βs.
From Lemma 2.3 it follows that f(β1) = g(Ti) = ci ∈ R, f(β2) =
g(Tj) = cj ∈ R, and f has no loal extrema on ars αr \ {yr1, yr2},
r ∈ {1, 2}. Therefore ci 6= cj and maps ψ1 : α1 → [0, 1], ψ2 : α2 → [0, 1],
ψ1(z) =
f(z)− f(y11)
f(y12)− f(y11)
=
f(z)− ci
cj − ci
,
ψ2(z) =
f(z)− f(y21)
f(y22)− f(y21)
=
f(z)− ci
cj − ci
,
are homeomorphisms, moreover ψ1(y11) = ψ2(y21) = 0, ψ1(y12) =
ψ2(y22) = 1 .
Figure 3. Funtion on a onneted domain with two
boundary ars.
We onsider a set P = [0, 1]× [0, 1] and a map Lk : P → R,
Lk : (x, y) 7→ ci(1− y) + cjy .
Let ηs : βs → [0, 1] be homeomorphisms suh that ηs(y1s) = 0,
ηs(y2s) = 1, s ∈ {1, 2}.
Let us onsider a map ζ0k : ∂Uk → ∂Pˆ ,
ζ0k(z) =

(0, ψ1(z)) , for z ∈ α1 ,
(1, ψ2(z)) , for z ∈ α2 ,
(η1(z), 0) , for z ∈ β1 ,
(η2(z), 1) , for z ∈ β2 .
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It is easy to see that ζ0k is homeomorphism. By using Shoenies's
theorem [9℄ we an extend the homeomorphism ζ0k to a homeomorphism
ζk : Uk → Pˆ .
Let us onsider a ontinuous funtion, see Fig. 3
fUk = Lk ◦ ζk : Uk → R .
It is evident that this funtion loally an be represented as a projetion
on oordinate axis in all points of Uk \ {y11, y12, y21, y22}.
By analogy with ase 1, we prove that fUk
∣∣∣
∂Uk
= f |
∂Uk
.
The union of {Uk} generates a nite losed over of D
2
. In addition,
it follows from the onstrution that if z ∈ Uk ∩ U s for some k 6= s
then z ∈ ϕ(G) and fUk(z) = fUs(z) = f(z). Therefore we an extend
a funtion f from the set ϕ(G) into D2 with the help of the following
relation
f(z) = fUk(z) , for z ∈ Uk .
The over {Uk} is fundamental thus the funtion f : D
2 → R is on-
tinuous.
G will be indentied with its image ϕ(G) ⊆ D2 in the following
disussion.
Let Tk be a tree of F . Let us denote by Θk an union of domains of
Θ = D2 \ ϕ(F ) whih are adjoined to Tk.
Θk =
m(k)⋃
j=1
Ukj ,
{Uk1 , . . . , U
k
m(k)} = {Uj1 , . . . , Ujm(k)} .
It should be noted that for any domain Uj and ar α = Tk ∩ ∂Uj we
have in the rst plae f(α) = const = ck, seondly, either f(z) > ck
for any z ∈ Uj or f(z) < ck for any z ∈ Uj. Thus every domain U
k
j ,
j ∈ {1, . . . , m(k)} of Θk an be assoiated with sign either + or −
depending on the sign of dierene f(z)− ck, z ∈ U
k
j .
It is easy to see that ars of ∂D2 onneting the images of adjaent
verties of G are onneted omponents of the set Γk = (Θk ∩ ∂D
2) \
ϕ(V ∗). Therefore from Denition 2.1 and Lemma 2.3 it follows that f
is monotone on any ar of Γk. By denition of Γk and A3 exatly one of
endpoints of any ar of Γk is an image of vertex of tree Tk. Thus every
ar S of Γk an be assoiated with a sign either + or − depending
on the sign of dierene f(z)− ck, z ∈ S.
Let us prove that in a neighborhood of any vertex ϕ(v), where v ∈
Vk ⊂ Tk, the signs of domains, whose boundaries are the images of
edges adjaent to v alternate. We should remark that for every vertex
v of Vter(Tk) this follows from A3.
Let ϕ(v) be a vertex suh that v ∈ Vk \ Vter(Tk). Suppose that in a
neighborhood of some point of em\V (G) there exist two domains Um
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and Um+1 whih are adjoint to the edge em (whih is adjaent to v)
suh that they have the same sign. Then from A2 it follows that there
exist an other edge en that is adjaent to v and both of its adjoining
domains Un and Un+1 have the same sign, ases Um+1 = Un, Um = Un+1
are not exluded. Sine for an edge en (em) there exist one more vertex
v′1 (v
′′
1) whih is adjaent to it then by analogy for the vertex v
′
1 (v
′′
1) we
an nd a vertex v′2 (v
′′
2) suh that it has two adjaent edges adjoining
to domains with the same sign and so on. Tree is nite, so for sequene
of verties v, v′1, v
′
2, . . . , v
′
s1
(v, v′′1 , v
′′
2 , . . . , v
′′
s2
) there exists a vertex v′s1
(v′′s2) suh that v
′
s1
∈ V ∗k (v
′′
s2
∈ V ∗k ).
We onsider two types of verties from V ∗k \ Vter(Tk).
(i) if deg(v′s1) = 2k + 1 > 3, then a number of domains adjoining to
the edges whih are inident to it is even.
Let us onsider the following binary relation ρ on the set of suh
domains. We will say that V ′ρV ′′ if domains V ′ and V ′′ adjoin to a
ommon edge e whih is inident to vertex v′s1 and going around v
′
s1
aross the edge e in positive diretion we pass from V ′ to V ′′.
It is easy to show that the relation ρ is onvenient and all domains
generate ρ-hain, where its rst and last elements are domains whose
boundary ontain ars S ′, S ′′ ⊆ Γk adjoining to v
′
s1
.
From A3 it follows that ars S ′ and S ′′ have dierent signs therefore
rst and last element of ρ-hain have the dierent signs.
From this and the fat that ρ-hain has even number of elements it
follows that a number of its pairs of adjaent elements whih have the
same sign is even. We an apply our previous argument and add one
more vertex v′s1+1 to the sequene of verties v, v
′
1, . . . , v
′
s1
.
(ii) if deg(v′s1) = 2k > 3, then a number of domains adjoining to
edges whih are adjaent to it is odd.
Just as in (i) we onsider the relation ρ on the set of suh domains
and order them into ρ-hain.
Contrary to the previous ase a length of ρ-hain is odd and by
Condition A3 rst and last its elements have the same sign. Similarly,
in this ase a number of pairs of adjaent elements of ρ-hain whih
have the same signs is even. Therefore we an add one more vertex
v′s1+1 to the sequene of verties v, v
′
1, . . . , v
′
s1
.
From the niteness of tree it follows that there exists a vertex v′ (v′′)
suh that v′ ∈ Vter(Tk) (v
′′ ∈ Vter(Tk)) and an edge whih is inident to
it adjoins to domains with the same signs. Thus ars S ′l and S
′
p with
the endpoint v′ (v′′) have the same sign but it ontradits to A3.
Let us onsider the restrition of f to ∂D2. Loal extrema of f
are points ϕ(vi) orresponding to verties vi suh that vi ∈ γ and
deg(vi) = 2k, see Lemma 2.3. From the niteness of G follows the
niteness of number of loal extrema on ∂D2.

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Let G be ∆graph. From Theorem 2.2 it follows that there is a
pseudoharmoni funtion f on disk whih orresponds to a graph G.
But, in general this funtion is not uniquely dened sine we in no
way restrit the hoie of a monotone map g : G → R. Thus for non
omparable verties v′ and v′′ of graph G the relation g(v′) = g(v′′) is
not neessarily valid.
It is easy to onstrut an example of ∆graph G and two monotone
maps g1, g2 : G→ R whih satisfy Lemma 2.3 but for some pair of non
omparable verties v′, v′′ ∈ V (G) the following orrelations hold true
g1(v
′) < g1(v
′′) and g2(v
′) > g2(v
′′).
Theorem 2.3. Let a graph G be ∆graph.
G satises Condition A4 i a strit partial order of a graph G oin-
ides with a strit partial order of a diagram P (f) of some pseudohar-
moni funtion f that orresponds to G.
Proof. Let P (f) be a ombinatorial diagram of some pseudoharmoni
funtion f . We remind that a partial order on verties of P (f) is
indued by a funtion f with the help of the following relation
v′ < v′′ , if f ◦ ψ(v′) < f ◦ ψ(v′′) , v′, v′′ ∈ V (P (f)) .
We note that verties v′ and v′′ are non omparable i their images are
on the same level set of f . Hene a graph P (f) satises A4.
Suppose that G satises A4. The binary relation to be non om-
parable on the set of verties V (G) of G is transitive, symmetri and
reexive. So, in the proof of Lemma 2.3 we an onsider instead of f
a partition f˜ whose elements are lasses of non omparable elements
with regards to the order on V (G). Then due to ondition A4 the
projetion π˜ : V (G) → V (G)/˜f indues a relation of partial order on
quotient spae V˜ = V (G)/˜f suh that every pair of elements v˜′, v˜′′ ∈ V˜
is omparable. Therefore the partially ordered spae V˜ is linearly or-
dered and every monotone map g˜ : V˜ → R is isomorphism onto its
image. A map g = g˜ ◦ π˜ satises the ondition that any pair of verties
v′, v′′ ∈ V (G) is non omparable i g(v′) = g(v′′).
In the same way as in Lemma 2.3 we extend the funtion g on G
and use this extension to onstrut a pseudoharmoni funtion f . By
the onstrution the partial order indued on V (G) by f is the same
as the original partial order on V (G). 
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